Abstract. We show that the result on multipliers of Orlicz spaces holds in general. Namely, under the assumption that three Young functions Φ1, Φ2 and Φ, generating corresponding Orlicz spaces, satisfy the estimate
2 (u) for all u > 0, we prove that if the pointwise product x y belongs to L Φ (μ) for all y ∈ L Φ 1 (μ), then x ∈ L Φ 2 (μ). The result with some restrictions either on Young functions or on the measure μ was proved by Maligranda and Persson (Indag. Math. 51 (1989), 323-338). Our result holds for any collection of three Young functions satisfying the above estimate and for an arbitrary complete σ-finite measure μ.
1. Introduction and the result. Let (Ω, Σ, μ) be a complete σ-finite measure space and L 0 (Ω) be the space of all classes of measurable functions on Ω. Let X and Y be ideal Banach spaces in L 0 (Ω) with their norms · X and · Y , respectively. The space of pointwise multipliers M (X, Y ) is defined by
and the functional on it
defines a complete semi-norm. It is a norm and M (X, Y ) is an ideal Banach space if supp X = Ω, that is, X has a weak unit, i.e., there is an element x 0 ∈ X such that x 0 > 0 μ-a.e. on Ω (in particular, X = {0}). Several properties and some calculated concrete examples we can find in the paper by Maligranda and Persson [6] (see also Nakai [7] and Calabuig, Delgado, and Sánchez Pérez [2] 
Note that from the convexity and Φ(0) = 0 it follows that lim u→0+ Φ(u) = Φ(0) = 0. Furthermore, from the convexity and Φ ≡ 0 it follows that lim u→∞ Φ(u) = ∞.
If we denote a(Φ) = sup{u ≥ 0 : 
where
It is an ideal Banach space with the Luxemburg-Nakano norm
It is also well-known that x Φ ≤ 1 if and only if
, [5] and [3] ). Note that supp L Φ = Ω, that is, the Orlicz space L Φ has a weak unit.
For two ideal Banach spaces on Ω the symbol X C → Y means that the embedding X ⊂ Y is continuous with a norm which is not bigger than C, i.e.,
To state our main result we will also need an inverse of Young function Φ, namely the right-continuous inverse in a generalized sense (cf. O'Neil [8] ). For a Young function Φ and v ∈ [0, ∞) let and u −r Φ 1 (u) is nondecreasing. We will prove here this theorem in the general case.
Remark 2.
If the reverse inequality to (3) holds, that is, Φ −1 [8] , [5] , [6] ). Putting then these results together we have that the equivalence
2 on the inverses of Young functions gives the equality
with equivalent norms, where the considered Orlicz spaces are on arbitrary σ-finite complete measure spaces (Ω, Σ, μ). 
Proof of the main result. We define three subsets of Young functions Y (i)
(i = 1, 2, 3) as
then Φ is continuous, strictly increasing on [a(Φ), b(Φ)) and bijective from [a(Φ), b(Φ)) to [0, ∞).
It is known that I Φ (x/ x Φ ) = 1 for all x ∈ L Φ if and only if Φ ∈ Δ 2 (condition Δ 2 corresponding to the measure space). We will prove a similar result for simple functions; it is important to note that we don't assume explicitly the Δ 2 -condition.
Lemma 3. If Φ ∈ Y
(1) ∪ Y (2) and x = 0 is a simple function, then I Φ (x/ x Φ ) = 1.
Proof. Case 1. Φ ∈ Y (1) : In this case Φ is strictly increasing and bijective from (a(Φ), ∞) to (0, ∞). Let x be a simple function. We may assume that x ≥ 0, i.e., N /b(Φ), c N /a(Φ) ) such that I Φ (x/λ) = 1.
To prove the theorem we collect some properties of Φ and its inverse: (3) and 0 < δ < 1, then there exists a Young function Ψ ∈ Y (2) such that b(Φ) = b(Ψ) and
To see (iv) we only set Ψ = Φ + Θ, where we choose Θ ∈ Y (2) such that
Proof of Theorem 1. Case 1. Φ and Φ 2 are in
From the property (i) it follows that Φ 1 (z(t)) ≤ y(t) a.e. in Ω and
which gives z Φ1 ≤ 1. If y(t) > 0, then by the property (ii) and the assumption (3),
and hence, by (iii),
If y(t) = 0, then z(t) = 0 and Φ Cz(t)
= 0. Thus, by Lemma 3,
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and so zx Φ ≥
In the general case, x can be approximated by a sequence of simple functions {x n } such that
since μ is a σ-finite measure. Then
by our first part of the proof. Using the Fatou property of the LuxemburgNakano norm · Φ2 in the Orlicz space L Φ2 we obtain
We consider only the case that both Φ and Φ 2 are in Y (3) , since other cases are similar. In this case, by (iv), for all 0 < δ < 1, there exist Ψ ∈ Y (2) and Ψ 2 ∈ Y (2) such that
It follows that
Using the inequality
which follows by (3) and the definitions of Ψ and Ψ 2 , we have
by Case 1. Then
holds for all 0 < δ < 1. Therefore,
and the proof is finished.
